We exhibit a locally biholomorphic mapping with simply connected image, which fails to be a topological covering.
Introduction
In [1] , A.F.Beardon shows an example of a 'covering surface' over the unit disc D ⊂ C, which is not a topological covering. We recall that a 'covering surface' of a region D ⊂ C, is a Riemann surface S admitting surjective conformal mapping onto D, whereas a continuous mapping p of a topological space Y onto another one X is a 'topological covering' if each point x ∈ X admits an open neighbourhood U such that the restriction of p to each connected component
We also recall that a continuous mapping p of a topological space Y onto another one X has the 'curve-lifting' property if for every curve γ : I → X and every y ∈ p −1 (γ(0)) there exists a curve γ :
It is a standard topological result (see e.g. [3] , section 9.3 and [2], theorem 4.19) that 'a local homeomorphism of a topological space Y onto another one X is a topological covering if and only if it has the curve-lifting property'.
Beardon's example takes origin by analytically continuing a holomorphic germ, namely a branch of the inverse of the Blaschke product
where the a n 's are distinct points in D accumulating at every point in ∂D, such that ∞ n=1 (1 − |a n |) converges. Such an example shows, in Beardon's words, that 'there is a significant difference between the definition of a covering surface used by complex analysts and that used by topologists'.
In this paper we show that such an idiosyncrasy can originate by a different starting point: rather than considering a function whose analytical continuation has infinitely many branches f n at a point z 0 whose radii of convergence tend to 0 as n → ∞, we construct an example of a surjective locally biholomorphic mapping Ψ : C → C, which also admits two asymptotical values, namely ± √ π/2, to which Ψ tends within the sectors | arg(z)| ≤ π/4 − δ and |π − arg(z)| ≤ π/4 − δ, δ > 0 (see [4] , p.20), in particular along the positive (resp. negative) real axis.
In fact we shall show that this fact prevents Ψ from satisfying the 'curvelifting' property, and thus from being a topological covering.
This example could also be read as a 'covering surface' of the whole complex plane (see again [1] for standard references), with projection mapping Ψ which fails to be a topological covering.
The main example
Our main example will be completely dealt with by the following proposition. (B): since Ψ is entire, Picard's theorem ensure us that it could omit at most one value. However, Ψ is an odd function, hence it takes the value B ∈ C w -say, at ζ ∈ C −z-if and only if it takes the value −B at −ζ, thus the omitted value may be only 0: this is not the case, since Ψ(0) = 0.
(C): let us show that the curve γ : [0, √ π/2] → C w defined by γ(t) = t does not admit any lifting to C z starting at z = 0. Suppose, on the contrary, that there exists such a lifting γ : [0, √ π/2] → C z such that γ(0) = 0. Since γ would be a lifting of a real-analytic curve with respect to a locally biholomorphic mapping, γ should in turn be real-analytic. Now, let B(0, 2ε) ⊂ C w be a ball on which we can define a local inverse ϕ : B(0, 2ε) → C z of ψ such that ϕ(0) = 0 ∈ C z : then γ| [0,ε] admits the lifting γ ε := ϕ • γ| [0,ε] starting at 0 ∈ C z . By real-analyticity, we must have
thus γ and γ ε , coincide on an open interval in R, hence wherever they admit real-analytic continuations.
The right side of (2) admits real-analytical continuation up to [0, √ π/2), that is to say, there exists a curve
by (1) ; however, since lim t→ √ π/2 β(t) = +∞, γ ε cannot be continued up to √ π/2; by (1) this implies that nor could be γ. Therefore γ admits no lifting to C z starting at z = 0: this implies that ψ is not a topological covering.
Incidentally, we underline the fact that, if we drop the surjectivity condition, it is almost immediate to construct examples of entire functions which are not topological coverings: for instance consider the holomorphic function ϕ : C → C \ {0} definined by setting ϕ(z) := exp(exp(z)); it takes also the value 1 e.g. at log(2π) + iπ/2. From now on, let 'log' mean the inverse set-function of 'exp' on C, that is log(V) := exp −1 (V) for every V ⊂ C (note that log({0}) = ∅).
For every neighbourhood U of 1, ϕ −1 (U) = log log(U); now log(U) contains a neighbourhood of 0; we may suppose, without loss of generality, that U is small enough; then ϕ −1 (U) = k∈N n∈Z V nk H, where each V nk is an open neighbourhood of log(2kπ) + (n + 1/2)π i, and H an open set contained in the left half-plane K = {ℜ(z) < x 0 }, for a suitable x 0 < 0. Since ϕ(H) ⊂ ϕ(K) and exp(K) ∩ 2π iZ = ∅, we have ϕ(H) ∩ {1} = ∅, thus ϕ| H cannot be a homeomorphism: this prevents ϕ from being a topological covering.
